MOT SO BAI TOAN QUY HOACH DONG PIEN HINH.

Chung ta déu biét rang diéu kho nhét dé giai mot bai toan quy hoach dong (QHD) la biét rang
no6 1a mot bai toan QHD va tim dugc cong thire QHD cua no. Rat kho néu ta mo mam tir dau,

nhung néu chiing ta dua dugc bai toan can giai vé mot bai toan QHD dién hinh thi s& dé dang
hon nhiéu. Do d0, tim hiéu mé hinh, céng thirc va cdch cai dat nhitng bai todn QHD dién
hinh la mét viéc rit can thiét.

Trong chuyén dé nay, toi xin gi6i thiéu mot sb bai toan QHP dién hlnh va nhitng bién thé cua
chang. Chu yeu tdp trung vao gici thieu mo hinh, cong thirc va mot 56 goi Y trong cai ddt chi
khong di chi tiét vao viéc phat biéu bai toan, mé ta input/output, ching minh cong thic hay
viét chuong trinh cu thé. Mic du radt mudn minh hoa cho cac bai toan béng cac hinh vé€ truc
quan nhung khuén kho c6 han nén t6i khong thé dua vao. Hon nita phan goi ¥ cai dét chi ¢6
20i ¥ cho phdn tinh bang phirong dn, phan truy vét can c¢é cdc cau triic dir liéu va nhitng ki
thuat xw li phuee tap xin danh lai cho cdc ban.

|. D4y con don diéu dai nhat

1. M6 hinh
Cho day sb thuc a1,az,..an. Hay tim mét diy con ting c6 nhiéu phan tir nhat cta diy.

Pic trung: i) Cac phan tir trong diy két qua chi xuét hién 1 1an. Vi vay phuong phéap 1am 1a
ta s€ dung vong For duyét qua cac phan tr aj trong day, khac vdi cac bai toan cia mo hinh 4
(déc trung la bai toan doi tién), cac phan tur trong day co thé duoc chon nhiéu 1an nén ta thuc
hién bing phuong phép cho gia tri can quy ddi tang dan ting don vi.

ii) Thir tu ctia cac phan tir dugc chon phai duoc gitr nguyén so véi diy ban dau.
bac trung nay co6 thé mat di trong mot so bai toan khac tuy vao yéu cau cu thé. Chang han bai
Tam giac bao nhau.

2. Cong thirc QHD
Ham muc tiéu : f = d6 dai day con.

Vi d6 dai diy con chi phu thudc vao 1 yéu té 1a diy ban dau nén  bang phuong an la bang mot
chiéu. Goi L(1) 13 d6 dai day con tang dai nhat, cdc phan tir ldy trong mién tir a1 dén ai Va
phan tir cudi cung 1a ai.

Nhan xét v6i cach lam nay ta da chia 1 bai toan 16n (ddy con ciia n s6) thanh cac bai toan con
cung kiéu c¢6 kich thudc nho hon (day con cua day i s0). Van dé l1a cong thic truy hoi dé phoi
hop két qua cua cac bai toan con.

Ta c6 cong thirc QHD dé tinh L(i) nhu sau:
e L(1)=1.(Hién nhién)
o L(i) = max(1, L(j)+1 véi moi phan tir j: 0<j<i va aj<a).

Tinh L() : phan tir dang duoc xét 1a ai .Ta tim dén phén tir aj < ai ¢6 L(j) 16n nhat. Khi d6 néu
b sung aj Vao sau day con ...aj ta s& dugc ddy con ting dan dai nhét xét tir as...ai.
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3. Cai dat
Bang phwong an 1a mot mang mot chidu L dé luu trir cic gia tri cua ham QHP L(i). Poan
chuong trinh tinh céc gié tri cua mang L nhu sau:

for 1 := 1 to n do begin

LIi] = 1;

for j:=1 to i-1 do
if (aljl<=ali]) and (L[1i]<L[j]1+1) then
LIi]:=L[j1+1;

end;

Nhu vay chi phi khong gian cua bai toan la O(n), chi phi thoi gian la O(n?). C6 mot phuong
phap cai dat t6t hon so vdi phuong phap trén, cho chi phi thoi gian 1a O(nlogn), ban doc c6
thé tham khdo trong bai bao cua thay Tran Do Hung trén tap chi THNT so thang 10 ndm
2004.

4. Mét sé bai toan khac

Bai toan ddy con don diéu tang dai nhét co bién thé don gian nhat 1a bai toan diy con don
di€u giam dai nhat, tuy nhién ching ta c6 thé coi chung nhu 1a mot. Sau day 1a mdt s6 bai toan
khac.

a) B6 tri phong hop (mit tinh thir tw so véi diy ban dau)

C6 n cude hop, cude hop thir i bat dau vao thoi diém ai va két thuc ¢ thoi diém bi. Do chi c6
mot phong hoi thao nén 2 cude hop bét ki s& duge ciung bd tri phuc vu néu khoang thoi gian
lam viéc cua ching chi giao nhau tai ddu mat. Hay bd tri phong hop dé phuc vu dugc nhiéu
cudc hop nhit.

Huéng din: Sip xép cac cudc hop tang dan theo thoi diém két thuc (bi). Thé thi cudc hop i s&
b tri duoc sau cudc hop j néu va chi néu j<i va bj<=ai. Yéu cau bd tri dugc nhidu cudc hop
nhét c6 thé dua vé viée tim day céc cudc hop dai nhét thoa man diéu kién trén.

b) Cho thué may

Trung tdm tinh toan hiéu nang cao nhan dugc don dat hang cua n khach hang. Khach hang i
mudn st dung may trong khoang thoi gian tir aj &én bi va tra tién thué 1a ci. Hay bd tri lich
thué may dé tong s tién thu duogc 1a 16n nhat ma thoi gian st dung may cta 2 khach hang bat
ki dugc phuc vu déu khong giao nhau (ca trung tim chi c6 mot may cho thué).

Huéng din: Tuong tu nhu bai toan a), néu sip xép cac don dat hang theo thoi diém két thic,
ta s& dua duogc bai toan b) vé bai toan tim déy con cé tong Ién nhdt. Bai toan nay 13 bién thé
ctia bai toan tim ddy con ting dai nhat, ta co thé cai dit bang doan chuong trinh nhu sau:

for i:=1 to n do begin
L{i]:=cli];
for j:=1 to i-1 do
if (bl[jl<=ali]) and (L[1i]<L[j]+c[i]) then
L[i]:=L[jl+c[i];
end;

c) Day tam giac bao nhau

Cho n tam giac trén mit phang. Tam giac i bao tam giac j néu 3 dinh cta tam giac j déu nam
trong tam giac i (c6 thé nam trén canh). Hay tim day tam giac bao nhau c6 nhiéu tam giac
nhat.

Huwoéng din: Sap xép cac tam giac ting dan vé dién tich. Khi d6 tam giac i s& bao tam giac j
neu j<i va 3 dinh cta j nam trong i. Ttr d6 c6 thé dua vé bai toan tim day “tang” dai nhat.
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Viéc kiém tra diém M co nam trong tam giac ABC khong c6 thé dya trén phuwong phép tinh
dién tich: diém M nam trong néu S(ABC) = S(ABM) + S(ACM) + S(BCM).

Bai toan c6 mot sd bién thé khac nhu tim ddy hinh tam giac, hinh chir nht... bao nhau c6
tong dién tich 16n nhat.

d) Day d6i dau

Cho day a1, a,...an. Hay ddy con d6i dau dai nhat cta diy d6. Day con con d6i dau
ai1,di2,...ajk phai thod man céac dicu kién sau:

o 2i1<ai>>ai3<... hodc air>app<aiz>...
e cac chi s phai cach nhau it nhat F: i>—i1>F, is—i>F. ...
e chénh léch gifta 2 phan tir lién tiép nho hon U: |aii—ai2|<U, |aiz—ais|<U...

Hu’é’ng din: Goi L(i) 1a s6 phan tir ctia ddy con doi ddu c6 phén tir cudi cung 13 ai va phén tur
cudi cling lo6n hon phan tir dung trude. Tuong ty, P() la sO phan tir caa diy con ddi dau co
phan tir cudi cung 13 ai va phan tir cudi ciing nhé hon phan tir dting trude.

Ta dé dang suy ra:

o L(i) = max(l, P(j)+1): j<i—F va ai—U<aj<ai.

e P(i) = max(1, L(j)+1): j<i—F va ai<ai<aj+U.

f) Day s6 WAVIO:

Diy s6 Wavio la ddy s6 nguyén thoa mén céc tinh chat : cac phan tr ddu sap xép thanh 1 diy
ting din dén 1 phan tir dinh sau d6 giam dan. Vi du ddy s6 123452 11a 1 ddy Wavio do
dai 7. Cho 1 day gom N s6 nguyén, hay chi ra mdt ddy con Wavio c¢6 do dai 16n nhat trich ra
tu day do.

Huéng dan: LI[i] 1a mang ghi d6 dai lon nhat ctia 1 ddy con tang dan trich ra tir ddy N phan
tir ké tir phan tir 1 dén phan ttr ai. L2[i] : mang ghi do dai 16n nhit cta diy con giam dan trich

ra tir ddy N phan tir ké tir phan tir an dén ai. Ta tim phan tir j trong 2 mang L1, L2 théa méin
L1[j]+L2[j] 16n nhét.

g) Thap Babilon -https://www.spoj.com/problems/BABTWR
h) Xép cac khéi da :
Cho N khéi da (N<5000) Céc khéi da déu c6 dang hinh hop chit nhat va duoc dac trung boi 3

kich thude: dai, rong, cao. Mot cach xay dung thap la mét cach dat mot so cac khdi d4 trong
cac khdi da da cho chdng 1én nhau theo quy tic:

e Chiéu cao mdi khéi da 1a kich thudc nhé nhit trong 3 kich thudc.

e Cac mép cua khdi d4 duoc dit song song véi nhau sao cho khong co phan nao cia khéi
trén nam chia ra ngoai khéi duéi.

a) Hay chi ra cach dé xay dung dugc mot cai thap sao cho s6 khéi da duoc dung 1a nhiéu
nhat.

b) Hay chi ra cach dé xay dung duoc mot ci thap sao cho chiéu cao ctia céi thap 1a cao nhat

Dit liéu vao TOWER.INP ¢6 cu triic nhu sau :

e Dong dau la sé N.

e N dong sau dong i ghi 3 s6 nguyén < 255 1a 3 kich thudc cua khdi dd i .

Dir liéu ra : TOWER1.OUT, TOWER2.0OUT ghi theo quy cach :

o Dong dau ghi sb cac khbi da duge chon theo thir tu ding dé xay thap tir chan 1én dinh.
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o Cac d(‘)ng~ sau ghi cac khdi duoc chon, mdi khéi (jé ghi 4 sO T,D, R, C trong d6 T la s6 thir
tu cia moi khoi da. D, R, C 1a kich thude cua khoi da tuong ung.

II. Vali 0-1 (B)

1. M6 hinh

Con do vat, vat thir i co trong 1u0’ng afi] la sO nguyén va gia tri b[i] la s thuye. Hay chon ra
mot so cac d6 vat, mdi vat mot cai dé xép vao 1 vali co trong lugng t6i da W 13 s6 nguyén sao
cho tong gia tri cta vali 14 10n nhat.

2. Cong thirc
Ham muc tiéu : f: tong gia trj cua vali.
Nhén xét : gia tri cua vali phu thudc vao 2 yéu td: c6 bao nhiéu vat dang duoc xét va trong
lugng cua cac vat. Do d6 bang phuong an sé 1a bang 2 chiéu.
L[i,j] : tong gi tri 16n nhét ca vali khi xét tir vat 1..vat i va trong luong cua vali chua vuot
qué j. Chu y rang khi xét dén L[1,j] thi cac gié tri trén bang phuong an déu da duogc to1 uu.
e Tinh L[i,j] : vat dang xét 1a aj voi trong lugng cua vali khong dugc qua j. Co6 2 kha nang
Xay ra:
e Néu chop aj dua vao vali, trong luong vali trudc d6 phai < j-a[i]. Vi mdi vat chi dugc
chon 1 1an nén gia tri 16n nhat cta vali luc d6 1a L[i-1,j-a[i]) + b[i]

e Néu khong chon ai , trong luong cua vali 1a nhu cii (nhu lac trude khi chon aj ): L[i-1,j].
Tom lai ta c6 L[i,j]=max(L(i-1,j-a[i]) + b[i], L[i-1,j]).
3. Cai dat
For i:=1 to n do

For j:=1 to W do

If al[il<=j then

Lli,jlt=max (L(i-1,3j-ali]) + bli], Lli-1,3])
else L[i,j]l:=L[i-1,7];

4. Mét sé bai toan khac
a) Day con c6 tong bang S:
Cho day sb nguyén dwong a1,a,..an. Tim mét diy con cua diy do c6 tong bang S.
Huéng din
bat L[i,t)=1 néu qé thé tao ra téng t tr mot ddy con cua day gém cac phdn tr a1,az,..ai. Nguogc
lai thi L[1,t)=0. Néu L[n,S)=1 thi dap 4n ctia bai todn trén 1a “co”.
Ta c6 thé tinh L[i,t] theo cong thirc: L[i,t]=1 néu L[i-1,t]=1 hodc L[i—1,t-a[i]]=1.
Cai dat
Néu ap dung ludn cong thirc trén thi ta can ding bang phuong 4an hai chiéu. Ta co thé nhan
xet rang dé tinh dong thir i, ta chi cdn dong i—1. Bang phuong an khi d6 chi can 1 mang 1

chiéu L[0..S] va duoc tinh nhu sau:
L{t]:=0; L[0]:=1

for i := 1 to n do
for t := S downto al[i] do
if (L[t]=0) and (L[t-a[i]]l=1) then L[t]:=1;
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Qé thy chi phi khong gian cua cach cai dat trén 1a O(m), chi phi thoi gian 1a O(nm), véi m la
tong cua n s0. Hay tu kiém tra xem tai sao vong for thir 2 lai la for downto chir khong phai la
for to.

b) Chia keo

Cho n goi keo, gbi thr i ¢6 aj vién. Néu khong dugc phép boc cac goi keo ra, hdy chia cac goi
thanh 2 phan sao cho chénh léch gilra 2 phan la it nhat.

Hwéng din: Goi T 1a tong sd keo ctia n gbi. Chiing ta can tim s6 S 16m nhét thoa man:

o S<T/2.

e Co6 mdt diy con ctia diy a c6 tong bang S.

Khi d6 s& c6 cch chia v6i chénh 1éch 2 phén 1a T-2S Ia nhé nhat va ddy con ¢6 tong bang S
O trén gom céac phan tur 1a cac goéi keo thudc phan thir nhat. Phan thir hai 1a cac goéi keo con lai.
c) Market (Olympic Balkan 2000)

Nguoi dénh”cé Clement bit duoc n con ca, khi lugng mdi con 1a aj 1a s6 nguyén, dem ban
ngoai chg. O cho c4, nguoi ta khong mua ca theo ting con ma mua theo mot lwgng nguyén
nao do6. Chang han 3 kg, 5kg...

Vi du: ¢6 3 con c4, khdi luo‘ng lan luot 1a: 3,, 2, 4. Mua I}I(_mg 6 kg s€ phai léy con ca thtr 2 va
va thir 3. Mua lugng 3 kg thi 1ay con thir nhat. Khong thé mua luong 8 kg.

Néu ban 13 ngudi dau tién mua ca, 6 bao nhiéu luong ban c¢6 thé chon?

Hwéng din: Thuc chit bai toan 1a tim cac sb S ma c6 mot ddy con cta diy a co tong bang S.
Ta c6 thé dung phuong phap danh dau cua bai chia keo ¢ trén ro1 dém céc gia tri t ma L[t]=1.
d) Pién déau

Cho n s6 tu nhién a1,a, ...,an. Ban dau cac sd duoc dit lién tiép theo dung thtr tu cach nhau
boi dau "?": a17a2?...7an. Cho trudce s6 nguyén S, ¢o6 cach nao thay cac dau "?" bang dau + hay
dau — dé dugc mot biéu thirc so6 hoc cho gia tri 1a S khong?

Hwéng din: DPit L(i,t)=1 néu c6 thé dién diu vao i sd dau tién va cho két qua bang t. Ta ¢
cong thurc sau dé tinh L:

e L(1,a[1]) =1.

e L(i,t)=1 néu L(i-1,t+a[i])=1 hodc L(i—1,t-a[i])=1.

Néu L(n,S)=1 thi cau tra 10i cia bai toan 1a c6. Khi cai dat, co thé ding mot mang 2 chiéu (lru
toan by bang phuong an) hodc 2 mang mot chiéu (dé Iuu dong i va dong i—1). Chu y 1a chi s6
theo t clia cic mang phai c6 ca phan 4m (tie la tor —T dén T, v6i T 1a tong ciia n sb), vi trong
bai nay chling ta ding ca diu — nén co thé tao ra cac tong am.

Bai nay c6 mot bién thé 1a dat dau sao cho két qua la mét sé chia hét cho k. Ta c6 thuat giai
twong tu bai toan trén bang cach thay cic phép cong, trir bang cic phép cong va trir theo
médun k va ding mang danh dau véi cac gid tri tir 0 dén k—1 (1a cac s du ¢ thé c6 khi chia
cho k). Péap sb ciia bai toan 1a L(n,0).

e) Expression (ACM 10690)

Cho n s6 nguyén. Hay chia chung thanh 2 nhom sao cho tich ciia tong 2 nhom 1a 16n nhét.
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Huoéng din: Goi T 1a téng n s6 nguyén d6. Gia s ta chia day thanh 2 nhém, goi S 1a téng clia
mot nhém, tong nhom con lai 1a T-S va tich cua téng 2 nhom 1a S*(T-S). Bing phuong phap
danh déu ta xac dinh dwoc moi sé S 13 tong ctia mot nhom (nhu bai Market) va tim s S sao
cho S*(T-S) dat max.

IIl. Bién déi xau:

1. M6 hinh
Cho 2 xau X,F. Xau ngudn cé n ki ty X1Xa...Xn , xau dich ¢6 m ki ty F1F2...Fm .C6 3 phép
bien doi :

e Cheén 1 ki tyr vao sau ki tu thiri: 11 C

e Thay thé ki ty ¢ vi tri thir i bang ki ty C: R i C.

o Xoakitygovitrithdi:Di

Hay tim s6 it nhat cac phép bién ddi dé bién x4u X thanh xau F.
Huéng din:
Ham muc tiéu : f: s phép bién doi.

D& thay s phép bién ddi phu thudc vao vi tri i dang xét ctia xau X va vi tri j dang xét cua xau
F. Do vay d¢ cai dat cho bang phuong an ta s€ dung mang 2 chi¢u

Goi L(i,j) 1 50 phép bién doi it nhat dé bién xdu X(i) gom i ki tw phan dau ciia X (X(i)=
X[1..1]) thanh xdu F(j) gom j ki tw phan dau cua F(F(j) =F[1..j]). Dé thay F(0,j)=j va F(i,0)=i.

Co 2 truong hop xay ra:
Néu X[i]=F[j] :
X1 X2... Xi-1 Xi
FiFa..Fj1 X
thi ta chi phai bién ddi xau X(i-1) thanh xau Y(j-1). Do d6 F(i,j)=F(i-1,j-1).
Nguoc lai, ta ¢6 3 cach bién dbi:
Xoa ki tw X[il: X1X2... Xi1
FiFa...Fj.1 Fj
Xau X(i-1) thanh F(j). Khi d6 F(i,j)=F(i-1,j)+1.(Céng 1 1a do ta da dung 1 phép x6a)
Thay thé X[i] béi E[j] X1X2... Xi1

FiFa..Fj1 Fj
Xau X(i-1) thanh F(j-1). Khi d6 F(i,j)=F(i-1,j-1)+1.
Cheén F[j] vao X(i): X1X2.. Xi1 Xi
FiFa...Fj1 Fj

Xau X(i) thanh Y(j-1). Khi d6 F(i,j)=F(i,j-1)+1.
Téng Kkét lai, ta c6 cong thire QHD:

o F(0,j)=]

o F(i,0)=i
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e F(i,j) =F(i-1,j-1) néu X[i] = Y[j].
o F(i,j) = min(F(i-1,j),F(i,j-1),F(i-1,j-1))+1 néu X[i]=YIj].

Bdi nay ta co thé tiét kiém bién hon bang cdach ding 2 mdng 1 chiéu tinh lan nhau va mot
mang ddnh dau 2 chiéu dé truy vét.

4. Mt sé bai toan khéc

a) Xau con chung dai nhit (cic phan tir ciia xAu con khong nhat thiét phai lién tiép)
Cho 2 x4u X,Y. Hiy tim xdu con ctia X va ctia Y ¢6 do dai 16n nhat.

Cong thirc QHD

Goi L(i,j) 1a d¢ dai xdu con chung dai nhat ciia xdu X(i) gom i ki tw phan dau ciia X (X(i)=
X[1..i]) va xdu Y(j) gom j ki tw phan dau cua Y (Y(j) =Y[1..j]).

Ta c6 cong thirc quy hoach dong nhu sau:

e L(0,j)=L(i,0)=0.

e L(i,j) = L(i-1,j-1)+1 néu X[i] = Y[j].

o L(i,j) = max(L(i-1,j), L(i,j-1)) néu X[i]=Y[j].

Cai dat

Bang phuong an 1a mot mang 2 chiéu L[0..m,0..n] dé luu cac gia tri cia ham QHD L(i,j).

Poan chuong trinh cai dat cong thuec QHD trén nhu sau:
for 1:=0 to m do L[1i,0]:=0;
for j:=0 to n do L[0,3]:=0;
for i:=1 to m do
for j:=1 to n do
if X[1]=Y[j] then
L{i,3]:=L[i-1,3-11+1
else
Lli,J):=max(L[i-1,3],L[1i,3-111);

Nhu vay chi phi khong gian cua bai toan la O(n?), chi phi thoi gian 1a O(n?). C6 mot phuong
phap cai dit t6t hon, chi vé6i chi phi khong gian O(n) dya trén nhan xet sau: dé tinh 6 LJij]
cua bang phwong an, ta chi can 3 6 L[i-1,j-1],L[i-1,j] va L[i,j-1]. Tirc la dé tinh dong L[i]
thi chi can dong L[i-1]. Do d6 ta chi can 2 mang 1 chiéu dé luu dong vira tinh (P) va dong
dang tinh (L) ma thoi. Céach cai dat méi nhu sau:

for 37:=0 to n do P[j]:=0
for i:=1 to m do begin

L[O] := 0;
for j:=1 to n do
if X[11=Y[j] then

]
L[i,j]:=P[j-1]1+1
else L[i,j]:=max(P[3j], L[j-11);
P :=1;
end;

¢) Bic ciu

Hai nu6c Anpha va Beta nam & hai bén bo song Omega, Anpha nam & bd bac va ¢6 M thanh
phd duoc danh s6 tir 1 dén m, Beta nam & bd nam va ¢6 N thanh phé duoc danh s6 tir 1 dén n
(theo vi tri tir dong sang tay). Mbi thanh phé ciia nudc nay thuong co quan hé két nghia Vol
mdt s6 thanh pho clia nudce kia. bé tang cu’orng tinh hitu nghi, hai nuéc mudn xay cac cay cau
béc qua song, mdi cay cau s& 1a nhip cau ndi 2 thanh phd két nghia. Véi yéu cau la cac cay
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cau khong dugc cat nhau va moi thanh pho chi 1a dau cau cho nhiéu nhat 1a mot cay cau, hay
chi ra cach bac cau dugc nhiéu cau nhat.

Huwéng din: Goi cac thanh phé ciia Anpha lan luot 13 a1,az,...am; cic thanh pho cua Beta 1a
by,bz,...bn. Néu thanh phé ai va bj két nghia voi nhau thi coi_aj “bang” bj. Dé cac ciy cau
khong cit nhau, néu ta da chon cip thanh phd (aibj) dé xay cau thi cip tiép theo phai 1a cip
(au,bv) sao cho u>i va v>j. Nhu vay cdc cdp thanh phé duwoc chon xdy cau cé thé coi la mot
day con chung ciua hai day a va b.

Bai todn cua ching ta trd thanh bai toan tim diy con chung dai nhét, & day hai phan tu
“bang” nhau néu chung cé quan hé kér nghia.
d) Palindrom (101 2000)

Mot xau goi 1a xau ddi xing (palindrom) néu xau d6 doc tir trai sang phai hay tir phai sang
trai déu nhu nhau. Cho mét xau S, hay tim so6 ki ty it nhat can thém vao S dé S tr¢ thanh xau
doi1 xung.

Huéng din: Bai toan nay c6 mot cong thire QHP nhu sau:

Goi L(i,) 1a s6 ki tw it nhdt can thém vao xdu con S[i..j] cua S dé xdu dé tré thanh doi ximg.
Pap s6 ctia bai toan s& 1a L(1,n) voi n 1a s6 ki tw ctia S. Ta c6 cong thirc sau dé tinh L(i,j):

e L(i,i)=0.
o L(i,j)=L(i+1,j-1) néu S[i]=S[j]
o L(i,j)= 1+ min(L(i+1,j), L(i,j—1)) néu S[i]=S[j]

Ban doc dé dang c6 thé kiém chimg cong thirc d6. Ta co thé cai dit truc tiép cong thic do
bang phuong phap dé quy c6 nhé hodc thuc hién trinh tu tinh toan nhu mé hinh V. Tuy nhién
khi d6 chi phi khong gian 13 O(n?). C6 mot phuong phap cai dit tiét kiém hon (ban doc c6 thé
tham khéo & bai bao trén cua thdy Tran D3 Hung), tuy nhién phuong phap d6 kha phic tap.

Ta c6 thuat toan don gian hon nhu sau:

Goi P 1a xdu dao cua S va T 1a xdu con chung»dc‘zi nhat cta S va P. Khi d6 cac ki tu cua S
khong thudc T cling 1a cac ki ty can thém vao dé S tr¢ thanh do6i xung. Pap so cua bai toan sé&
lan—k, voi k 1a @6 dai cua T.

Vi du: S=edbabcd, xau dao cua S 1a P=dcbabde. Xau con chung dai nhat cia S va P Ia
T=dbabd. Nhu vay can thém 2 ki tur 1a e va ¢ vao d€ S tr¢ thanh xau doi xting.

IV. Vali 0-n (A)

1. M6 hinh

Cho n vat, vat i nang a; la sO nguyén va co gia tri bi 1a sd thuc. Hay chon ra mot s6 vat dé cho
vao bald sao cho tong khdi luong khong vugt qua W 1a sO nguyén va tong gia trj 1a 16n nhét.
Chu y rang mdi vat c6 thé duoc chon nhiéu lan.

2. Cong thirc

Goi L(i,)) 1a t(fng gia tri lon nhat khi dwoc chon i vét tir 1 dén i cho vdao balé véi téng khoi
luwong khong vuot qua j. L(n,W) s€ 1a dap so ctia bai toan (1a gia tri 16n nhat c6 dugc néu chon
n vat va tong khoi lugng khong vugt qua W).

Cong thue tinh L(i,t) nhu sau:
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e L(i,0)=0; L(O,t)=0.

o L(i,H=L(i-1,t) néu t<a

o L(i,t)=max(L(i-1,t), L(i,t=a)+bi) néu t >a.

Trong d6: L(i-1,1) la gia tri c6 dugc néu khong dwa vat i vao balo, L(i,t—ai)+bi 13 gia tri co
duoc néu chon vat 1.

3. Cai dat

Ta c6 thé dung mot mang 2 chiéu dé luu bang phuong én, tuy nhién dya trén nhén xet rang dé
tinh dong i cua bang phuong an chi can dong i—1, ta chi can ding 2 mang mét chiéu P va L ¢6

chi s6 tir 0 dén m dé luu 2 dong d6. Poan chuong trinh con tinh bang phuong an nhu sau.
Lit] := 0; {vdi moi t}

for 1 := 1 to n do begin
P:=L;
for t := 0 to m do
if t<ali] then L[t]:=P[t]
else L[t] := max(P[t],P[t-a[il]):
end;

Néu dé ¥ ki ban s& thiy rang doan trinh trén chi viét gibng cong thirc QHP chur chua t6i uu.
Chang han da c6 1énh gan P:=L, sau do lai c6 gan L[t]:=P[t] voi cac gia tri t<a[i] 1a khong can
thiét. Ban doc c6 thé tu cai tién dé chuong trinh t6i wu hon.

Chi phi khdng gian cta cach cai dat trén 1a O(m) va chi phi thoi gian 1la O(n.m).
4. Mot sé bai toan khac

a) Farmer (101 2004)

Mot ngudi c6 N manh dat va M dai dat. Cac manh dét c6 thé coi 1a mot tir giac va cac dai dat
thi coi nhu mot duong thang. Doc theo cac dai dat 6ng ta trong cac cay bach, dai dat tha i co
ai cay bach. Ong ta ciing trong cic cdy bach trén vién ciia cic manh dat, manh dat thtr j co b
cay bach. Ca ¢ trén cac manh dat va dai dét, xen gitra 2 cdy bach 6ng ta trong mot cdy Oliu.
Ong ta cho con trai duoc chon cac manh dat va dai dat tuy y véi diéu kién tong sb cay bach

khong vuot qua Q. Ngudi con trai phai chon thé nao dé c6 nhiéu cay 6liu (loai cdy ma anh ta
thich) nhat.

Hwéng din: D& thdy manh dat thir i ¢6 aj cay 6liu va dai dat thtr j co bj—1 cay 6liu. Coi cac
ménh dét va dai dét 1 cc “d0 vat”, do vat thir k ¢ khoi luong wk va gié trj vk (néu k 1a manh
dat 1 thi wk=Vvik=ai, néu k 1a dai dat j thi wi=by;, Vk—bj—l) Ta can chon cac “dd vat”, sao cho
téng “khdi luong” ciia chung khong vuot Q va tong “gia tri” 1a 1on nhat. O day, do cac “dd
vat” chi duoc chon mot 1an nén day chinh 1 bai toan Vali 0-1 da duoc trinh bay & md hinh I1.

b) Péi tién
O dit nuéc Omega nguoi ta chi tiéu tién xu. C6 N loai tlen xu, loai thir i c6 ménh gia 1a a;
dong Mot nguoi khach du lich dén Omega du lich voi 5O tlen M dong Ong ta mudn doi sb

tién d6 ra tién xu Omega dé tién tiéu dung. Ong ta ciing mudn s6 dong tién d6i dugc 1 it nhat
(cho tui tién d& nang khi di day di do). Ban hdy gitip ong ta tim cach doi tién.

Huéng din: Bai toan nay kha giéng bai toan Xép bald (“khoi heong” 1a ménh gia, “gia tri” la
1), chi c6 mot s0 thay dbi nho: so dong xu moi loai dugc chon tuy y (trong bai toan x€p bald
mdi d6 vt chi duoc chon 1 14n) va tong gid tri yéu cau la nhé nhat.
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Do d¢ ta ciing xay dung ham QHD mét cach tuong tu: Goi L(i,t) la s6 ddng xu it nhat néu dbi
t dong ra i loai tién xu (tur 1 dén 1). Cong thirc tinh L(i,t) nhu sau:

L(i,0)=0;

L(0,t)= +o0 véi t>0.

L(i,t)=L(i1,t) néu t<a.
L(i,t)=min(L(i-1,t), L(i,t—ai)+1) néu t >a;.

Cong thirc ndy khac cong thirc cua bai xép bald ¢ chd: dung ham min chtr khéng phai ham
max (vi can tim cach chon it hon) va néu chon dong xu thtr i thi L(i,t)=L(i,t-aj)+1 (vi ta van
con duoc chon dong xu thir i d6 nita), khac v6i khi xép bald 1a: néu chon do vat thir i thi
L(i,t)=L(i—1,t—a;)+bi vi 46 vat i chi dugc chon mot lan.

V. Nhan matran

1. M6 hinh

Nhan mot ma tran kich thudc mxn véi mot ma tran nxp, sé phép nhan phai thuc hién 1a
m.n.p. Mat khéc phép nhan cac ma trén co tinh két hop, tirc la:

(A.B).C =A.(B.C)

Do d6 khi tinh tich nhiéu ma tran, ta co thé thuc hién theo céc trinh tu khac nhau, mdi trinh tu
tinh s€ quyét dinh s6 phép nhéan can thuc hién.

Cho N ma tran A1,Az...An, ma tran Aj c6 kich thudce 1a di-1xdi. Hay xac dinh trinh tu nhan ma
tran A1.A2...An sao cho s0 phép nhan can thuc hi¢n 1a it nhat.

2. Cong thirc

Goi F(i,j) 1a 56 phép nhdn dé tinh tich cic ma tran tir Ai dén Aj (AiAis1 ... A)).

o F(i,i)=0.

o F(i,i+1)=di-1.di.di+1

o F(i,j) = min(F(i,k)+F(k+1,))+di_1.dk.dj voi k=i,i+1,...,]-1)

Cong thure hoi phure tap nén t61 xin giai thich nhu sau:

e F(i,i)=0 13 hién nhién.

o F(i,i+1) 12 s6 phép nhan khi nhan Ai va Ais1. Ai ¢ kich thude diixdi, A ¢6 kich thudc
dixdi+1, do d6 F(i,i+1)=di-1.di.di+1.

e Vi j>i+1 thi ta thdy c6 thé tinh Aj.Ais1....Aj bang cach chon mét vi tri k nao d6 dé dat
ngoac theo trinh ty:

AiAir.. A = (ALAK). (A A))

Ma tran két qua ctia phép nhan (Ai..Ax) c6 kich thudc di1xdk, ma tran két qua ciia phép nhan

(Ak+1 .Aj) 6 kich thudge dyxd;. Vi cach dat do ta s& mat F(1,k) phép nhan dé co két qua trong

dau ngodc thir nhat, mat thém F(k+1,j) phép nhan dé co két qua trong diu ngodc thir hai, va

cudi cing mat di 1.0dk.dj dé nhan 2 ma tran két qua d6. Tir d6 tong s6 phép nhan cua cach dat
do 1a: F(i,k)+F(k+1,j)+di-1.d.d;.

Ta chon vi tri k cho s6 phép nhan it nhat,
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3. Cai dat
Bing phuong 4n 1a mot mang 2 chiéu F d¢ luu F(i,j). Cha y khi cai dat la dé tinh dugc F(i,j),
ta phai tinh F(i,k) va F(k+1,j) trudc. Phuong phap don gian dé lam diéu do 1a phuong phap dé
quy ¢ nho.

Tuy nhién dya vao nhan xét 1a trong cong thicc QHD: j—i lén hon k—i va j-K, ta co thé tinh
theo trinh ty khac: tinh cdc phan tiv F(i,j) véi j—i tic nhé dén Ién (khong phai 1a tinh cac gia
tri F(i,j) v6i i,j tir nho dén 16n nhu van 1am). Véi cach do6, khi tinh dén F(i,j) thi ta da ¢6 F(i,k)
va F(k+1,j). Nhu vay, trong mo hinh nay trinh ty tinh toan 1a quan trong.

Poan chuong trinh tinh bang phuong an nhu sau:

for i:=1 to n do F[i,1i]:=0;
for i:=1 to n-1 do
Fli,i+1] := d[i-1]*d[1i]*d[i+1];
for m:=2 to n-1 do begin
for i:=1 to n-m do begin
Ji=i+m; F[i,]]:= +oo
for k:=1i to j-1 do F[i,]J]:=min(F[i,]], F[i,k]+F[k+1,3]+d[i-1]1*d[k]*d[]]);
end;
end;

Vi cach cai dat trén,chi phi khong gian la O(n?), chi phi thoi gian 1a O(n®) (day 1a bai toan co
chi phi 16n nhat trong tat ca cac bai toan QHD thuong gép).

4. Mét sé bai toan khac

a) Chia da giac

Cho mot da giac 161 N dinh. Bang cac duong cheo khong cat nhau, ta co thé chia da giac thanh
N-2 tam giac. Hiy xac dinh cach chia c6 tong cac duong chéo ngin nhat.

Hwéng din: Bé don gian ta coi moi doan thang ndi 2 dinh déu 1a “duong chéo” (néu nbi 2
dinh trung nhau hodc 2 dinh lién ti€p thi c6 do dai bang 0).

Goi F(i,j) 1a tong d6 dai cac duong chéo khi chia da gidc gdm cac dinh tir i dén j thanh cac
tam giac. Néu j<i+3 thi da gidc d6 c6 it hon 4 dinh, khong can phai chia nén F(i,j)=0. Nguoc
lai ta xét cach chia da gidc d6 bang cach chon mét dinh k ndm gitra 1,j va ndi i,j v6i k. Khi do
F(i,j)=F(i,k)+F(k,j)+d(i,K)+d(k.j); d(i,k) la dé dai duong chéo (i,k).

Tom lai cong thire QHP nhu sau:
e F(i,j)=0 voi j<i+3.
e F(i,j)=min(F(i,k)+F(k,j)+d(i,k)+d(k,j) voi k=i+1,...j-1).

F(1,n) 14 tong dudng chéo ciia cach chia t6i uu.

b) Biéu thirc s6 hoc (IOI 1999)

Cho biéu thiic ajeaze...eas, trong d6 ai 1a cac sd thuc khong 4m va e 1a mot phép toan + hodc
x cho trudc. Hay dat cdc dau ngodc dé bi€u thirc thu dugc c6 két qua 16n nhat.

Huwong din: Goi F(i,j) 1a gia tri 16n nhét ¢6 thé c6 cua biéu thirc aeai+e...ea;. D& thiy néu i=j
thi F(i,j)=ai, néu j=i+1 thi F(i,j)=aieaj. Néu j>i+1 thi c6 thé tinh biéu thiic ajeai+1e...ea; bang
cach chia thanh 2 nhom: (aieai+1e...eax)e(axk+1e...03a), Khi do F(i,j)=F(i,k)eF(k+1,j).

Tém lai, cong thue QHD la:
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o F(i,i)=a
o F(i,i+1l)=ajeai+1
o F(i,j)=max(F(i,k)eF(k+1,j) véi k=i,i+1,..j-1).

(Chu 12 13 cac hang tir cua ddy déu khong 4m va cac phép toan 1a + hodc x nén F(i k) va
F(k+1,j) dat max thi F(i,k)eF(k+1,j) cling dat max).

VI. Ghép cap

1.M6 hinh

C6 n lo hoa sip thing hang va k b6 hoa dugc danh s6 thir ty tir nho dén 16n. Can c:ilm k bd hoa trén
vao n 19 sao cho hoa ¢6 s0 thir ty nho phai dimg trude hoa c6 6 thir tw 16n. Gia tri thdm my tuong Gng
khi cam hoa i vao lo thir j 1a v(i,j) Hay tim 1 cach cam sao cho tong gia tri them my 1a l6n nhat. Chu y
rang moi b6 hoa chi dugc cam vao 1 1o va moi 1o cling chi cam dugc 1 bo hoa. (I0I-1999)

2. Cong thirec :

Nhén xét rang bai toan néu trén 13 mot bai toan ghép cip c6 yéu cau vé th tu nén ta c6 thé
gidi quyéet bang phuong phap QHD.

Ham muc tiéu : f: tong gia tri thAm my cta cach cam.

Gia tri thAm my phu thudc vao cac hoa va cac lo dang duoc xét nén ta s& ding mang 2 chiéu
dé luu bang phuong an.

L(i,j): tong gié tri thAm m¥ 16n nhat khi xét dén hoa i va lo j. Khi tinh L(i,j) hoa dang xét s& 1a
hoaivaloj.

e Néui=j. Chico mot cach cim L(i,i):= v[1,1]+v[2,2]+...V[i,i]
e Néu i>j. Khong c6 cach cam hop ly
e Néui<j: Co 2 truong hop xay ra:
~ Cém hoa i vao l j. Tong gid trj thim my 1a L(i-1,j-1)+v(i,j). (Bing tong gi trj trude khi
cam cong voi gia tri tham my khi cam hoa i vao 1o j)

Khéng cidm hoa i vao lo j (c6 thé cdm vao lo trudc j), gia tri thAm m§y cua cach cdm 13 nhu
ct : L(i,j-1)

3. Cai dat :
L[i,J]:= -maxint;
For i:=1 to k do
For j:=1 to n do
If i = j then L[i,j]:=sum(i)
else
if i<3j then L[i,j]:=max(L[i-1,3j-11+vI[i,]3],L[1i,3-11);

4. Mét s6 bai toan khac

a) Cau lac bd: (Pé thi chon HSG Tin Ha Ndi niim 2000)

C6 n phong hoc chuyén dé va k nhom hoc dugc danh sb thir ty tir nho dén 16n. Can xép k
nhom trén vao n phong hoc sao cho nhém c6 sd hi¢u nho dugc xép vao phong ¢6 s6 hiéu nho,
nhom c6 sb hiéu 16n phai duge xép vao phong ¢ s6 hiéu 16n.Véi mdi phong ¢6 chir hoc sinh,
cac ghé thira phai dugc chuyén ra hét, néu thiéu ghé thi lay vao cho du ghé .Biét phong i co
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a(i) ghé ,nhém | ¢6 b(j) hoc sinh. Hay chon 1 phuong an bd tri sao cho tong s 1an chuyén ghé
ra va vao la it nhat.

Huoéng din : Khi xép nhém i vao phong j thi s6 lan chuyén ghé chinh 12 do chénh léch giira
sO ghé trong phong i va so hoc sinh trong nhoém. Pat v[i,j]:=|a(i)-b(j)|

b) Mua giay (D¢ QG bang B nim 2003)

Trong hiéu c6 n doi giay, doi gidy i c6 kich thudc hi. C6 k ngudi can mua gidy, ngudi i can
mua d6i giay kich thude si . Khi ngudi i chon mua doi giay j thi d6 1éch s€ 1a |h(i)- S(J)| Hay
tim cach chon mua gidy cho k ngudi trén sao cho tong do6 1éch 14 it nhat. Biét rang mdi nguoi
chi mua 1 doi giay va 1 d6i giay cling chi c6 mdt ngudi mua.

Huéng dan : Lap cong thic giai nhu bai Cau lac bo. Chu ¥ chirmg minh tinh dung dan cua bo
dé heuristic sau :Cho 2 day tang dan cac so duong a1 a...an , b1 b2...bn. Goi c¢1 Ca...Ch 12 mOt
hoan vi cua day {bn}. Khi d6 : [a(1)-b(1)[+ [a(2)-b(2)[+...+ |a(n)-b(n)|< |a(1)-c(1)|+ |a(2)-
C(2)[+...+ [a(n)-c(n)|

VII. Di chuyén

1. M6 hinh

Cho bang A gdm MxN 6. Tir 6 (i,j) c6 thé di chuyén sang 36 (i+1y), (it1,j-1) va (i+1,j+1).
Hay x4c dinh mot 16 trinh di tir hang 1 dén hang M sao cho tong cac 6 di qua 13 16n nhat.

2. Cong thirc

Goi F(i,j) 1a gid tri I6n nhat cé dwoc khi di chuyén dén é (ij). Co 3 6 c¢6 thé di dén 6 (i,j) 1a (i-
1)), (i-1,j-1) va (i-1,j+1). Do d6 ta c6 cong thirc QHP nhu sau:

o F(L)=A[L]]

o F(i,j)=max(F(i-1,j),F(i-1,j-1),F(i-1,j+1))+A[i,j] vei i>1

3. Cai dat
Bang phuong an 14 bang 2 chiéu F[0..m,0..n]. (T4t ca cac 6 trén bién déu cho gia trj bang 0).
Qua trinh tinh nhu sau:

for i:=1 to m do
for 3 := 1 to n do
Fli,jl=max(F[i-1,3],F[1i-1,3)-1],F[i-1,3+1])+A[1i,]];

Cach cai dat nay cho chi phi khong gian va thoi gian déu 1a O(n?). Ta c6 thé tiét kiém khong
gian nhd bang cach tinh tryc tiép trén mang A.

4. M6t sé bai toan khac

a) Tam giac (101 1994)

Cho mdt tam glac gom céc s0 nguyén khong am. Hay tinh téng 16n nhat céc so trén duong di
tur dinh tam giac xuéng mot diém nao d6 ¢ day tam gidc nao d6. Tai mdi 6 ta chi cé di thang
xudng, sang 6 bén trai hodc bén phai.

Huwoéng din: M6 ta cac phan tir clia tam giac sé nhu mot ma tran, A[i,j] 13 phan tir th j trén
dong i (voi 1<i<N va 1<j<i). C6 2 6 c6 the di chuyén den 6 (i,j) 1a 6 (i-1,j-1) va 6 (i-1j). Goi
F(i,j) 1a tong 16n nhat c6 thé cé khi di dén 6 (i,j) ta co:
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o F(1,1)=A[L1]
o F(i,1)=F(i-1,1)+A[i,1]
o F(i,j)=max(F(i-1,j-1),F(i-1,j))+Ali,]

b) Con Kién

C6 mot dng hinh try, khi trai phang ra c6 thé 1a mot bang MxN 6. Gia tri A[i,j] 1a luong thic
n c6 0 0 ¢ dong i cot j. Mot con kién xuat phat tir mot 6 & mép bén trai ciia hinh tru va bo
sang mép bén phai. T 6 (i,)) kién c6 thé bo sang 1 trong 3 6 (i-1,j+1), (ij+1) hoac (i+1,j+1).
(Chu y: vi ong hinh tru nén kién dang & dong 1 ¢6 thé bo xuéng dong M va nguoc lai). Bo qua
6 nao thi kién mang theo toan b luong thire an ¢ 6 do. Hay tim duong di ma kién kiém duoc
nhiéu thirc an nhat.

Hwéng din: Pé xir Ii tinh hudng hinh tru, ta lvu dong 0 1a dong M va dong M+1 1a dong 1.
Khi d6 twong ty nhu bai toan ban dau, goi F(i,j) 1a luong thirc an kién c6 duge khi bo dén 6
(1,)), ta thiet 1ap duoc cong thuc QHD sau:

o F(i,1)=Ali1]
o F(i,j)=max(F(i-1,j-1),F(i,j—1),F(i+1,j+1)+A[L,j] véi j>1

Nguyen Bang Phong
Bai viét ¢é suwe hé tro ciia Nguyén Thanh Ting, Lé Minh Hodng - GV trwong PHSP Ha Ngi.
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